The purpose of this paper is to extend the cohomology and conformal derivation theories of the classical Lie conformal algebras to Hom-Lie conformal algebras. In this paper, we develop cohomology theory of Hom-Lie conformal algebras and discuss some applications to the study of deformations of regular Hom-Lie conformal algebras. Also, we introduce α k -derivations of multiplicative Hom-Lie conformal algebras and study their properties.
Introduction
The notion of a Lie conformal algebra encodes an axiomatic description of the operator product expansion of chiral fields in two-dimensional conformal field theory. It has been proved to be an effective tool for the study of infinite-dimensional Lie algebras satisfying the locality property. Besides, vertex operator algebras in [2] are closely related to Lie conformal algebras, a vertex operator algebra is an algebraic structure that plays an important role in conformal field theory and string theory. In the last decade, semisimple Lie conformal algebras have been intensively studied. In particular, the cohomology theory was developed in [1] and the classification of all finite semisimple Lie conformal algebras were given in [3] .
Hom-Lie conformal algebras were introduced and studied in [8] . Lately, similar generalizations of certain algebraic structures became a very popular subject. In [7] , α kderivations of Hom-Lie algebras were introduced and studied. In [6, 9] , we studied HomNijienhuis operators and T *-extensions of Hom-Lie superalgebras and Hom-Jordan Lie algebras, extending the generalized derivation theory of Lie algebras given in [5] . Recently, similar researches were done for Lie conformal algebras in [4] . In the present paper, we aim to study generalized derivations of Hom-Lie conformal algebras, and extend the cohomology theory of Lie conformal algebras to the Hom case.
The paper is organized as follows. In Section 2, we recall the notion of a Hom-Lie conformal algebra and then define a module over a Hom-Lie conformal algebra. Moreover, we construct the basic and reduced complexes over a Hom-Lie conformal algebra R with coefficients in its modules, leading us to the basic and reduced chomologies of R.
In Section 3, we define Hom-Nijienhuis operators of regular Hom-Lie conformal algebras and show that the deformation generated by a Hom-Nijienhuis operator is trivial.
In Section 4, we study α k -derivations of multiplicative Hom-Lie conformal algebras. Considering the direct sum of the space of α k -derivations, we prove that it is a Hom-Lie conformal algebra. In particular, any α 1 -derivation gives rise to a derivation extension of a multiplicative Hom-Lie conformal algebra.
In Section 5, we introduce different kinds of generalized derivations of multiplicative Hom-Lie conformal algebras, and study their properties and connections, extending some results obtained in [5] .
Throughout this paper, all vector spaces, linear maps, and tensor products are over the complex field C. In addition to the standard notations Z and R, we use Z + to denote the set of nonnegative integers.
Cohomology of Hom-Lie conformal algebras
First we present the definition of a Hom-Lie conformal algebra given in [8] .
Definition 2.1. A Hom-Lie conformal algebra is a pair (R, α) in which α : R → R is a C-linear map satisfying α • ∂ = ∂ • α, and R is a C[∂]-module endowed with a C-bilinear
called the λ-bracket, and satisfying the following axioms for a, b, c ∈ R:
As usual in the theory of conformal algebras, the RHS of skew-symmetry means that we have to take [b µ a], expand as a polynomial in µ with coefficients in R and then evaluate µ = −∂ − λ with the corresponding action of ∂ in the coefficients.
If we consider the expansion
the coefficients of λ n n! are called the (n)-products, and the definition can be written in terms of them (cf. [8] ).
A Hom-Lie conformal algebra (R, α) is called multiplicative if α is an algebra endomorphism, i.e., α([a λ b]) = [α(a) λ α(b)] for any a, b ∈ R. In particular, if α is an algebra isomorphism, then (R, α) is called regular.
In the following, we present a construction of Hom-Lie conformal algebras, extending that of Lie conformal algebras given in [1] .
Let (g, α) be a Hom-Lie algebra. A g-valued formal distribution is a series of the form a(z) = n∈Z a n z −n−1 , where a n ∈ g and z is an indeterminate. We denote the space of such distributions by g[[z, z −1 ]] and the operator ∂ on this space by ∂ z . Two g-valued formal distributions are called local if there exists N ∈ Z + , such that
This is equivalent to saying that one has an expansion of the form:
Let F be a family of pairwise local g-valued formal distributions such that the coefficients of all distributions from F span g. Then the pair (g, F ) is called a formal distribution Hom-Lie algebra.
LetF denote the minimal subspace of g[[z.z −1 ]] containing F which is closed under all j th products (2.6), α-invariant and ∂-invariant. One knows thatF still consists of pairwise local distributions. Letting
where λ (n) = λ n /n!, one endowsF with the structure of a Hom-Lie conformal algebra, which is denoted by Conf(g, F ). 
Example 2.3. Let (R, α) be a Hom-Lie conformal algebra. Then (R, α) is an R-module under the adjoint diagonal action, namely,
Proposition 2.4. Let (R, α) be a multiplicative Hom-Lie conformal algebra and
is a multiplicative Hom-Lie conformal algebra.
Proof. Note that R ⊕ M is equipped with a C[∂]-module structure via
With this, it is easy to see that (α + β)
Thus (2.1) holds. (2.2) follows from
To check the Hom Jacobi identity, we compute
By (2.10)-(2.12), we only need to show that
Replacing µ by −λ − µ ′ − ∂ in (2.14) and using (2.8), we obtain 
Therefore (R ⊕ M, α + β) is a multiplicative Hom-Lie conformal algebra.
In the following we aim to develop cohomology theory of Hom-Lie conformal algebras. To do this, we need the following concept. Definition 2.5. An n-cochain (n ∈ Z + ) of a multiplicative Hom-Lie conformal algebra (R, α) with coefficients in a module (M, β) is a C-linear map
where M[λ 1 , · · · , λ n ] denotes the space of polynomials with coefficients in M, satisfying the following conditions: Conformal antilinearity:
Skew-symmetry: γ is skew-symmetric with respect to simultaneous permutations of a i 's and λ i 's;
Commutativity: β • γ = γ • α, which holds in the sense that
where γ is extended linearly over the polynomials in λ i . In particular, if γ is a 0-cochain, then (dγ) λ a = a λ γ.
Remark 2.6. Conformal antilinearity implies the following relation for an n-cochain γ:
Proposition 2.7. dγ is a cochain and
Proof. Let γ be an n-cochain. As discussed in the proof of [1, Lemma 2.1], dγ satisfies conformal antilinearity and skew-symmetry. Commutativity is obviously satisfied. Thus dγ is an (n + 1)-cochain.
A straightforward computation shows that
where sign{i 1 , · · · , i p } is the sign of the permutation putting the indices in increasing order andâ i,j,··· means that a i , a j , · · · are omitted.
It is obvious that ( * 3) and ( * 8) summations cancel each other. The same is true for ( * 4) and ( * 7), ( * 5) and ( * 6). The Hom Jacobi identity implies ( * 11) = 0, whereas skew-symmetry of γ gives ( * 10) = 0. As M is an R-module,
and ( * 9) summations cancel. This proves d 2 γ = 0.
Thus the cochains of a multiplicative Hom-Lie conformal algebra R with coefficients in a module M form a comlex, which is denoted by
This complex is called the basic complex for the
(2.16) Lemma 2.8. d∂ = ∂d, and therefore the graded subspace ∂ C
Define the quotient complex
called the reduced complex. 
Deformations of Hom-Lie conformal algebras
Let (R, α) be a regular Hom-Lie conformal algebra. For any fixed integer s, define
is an R-module with the λ-action given in (3.1).
Proof. It only consists of checking the axioms from Definition 2.2.
Remark 3.2. In the case of s = 0, (R, α) as an R-module is just the usual adjoint module. Otherwise, we denote the module (R, α) by R s to emphasize the dependence of R on s, and call R s the α s -adjoint module over R.
Obviously, the operator d s is induced from the differential d. Thus d s preserves the space of cochains and satisfies d Taking s = −1, for ψ ∈ C 2 α (R, R −1 ), we consider a t-parameterized family of bilinear operations on R
Since ψ commutes with α, α is an algebra homomorphism with respect to the bracket 
This is equivalent to the following relations
By skew-symmetry and conformal sesquilinearity of ψ, we have
On the other hand, let ψ be a cocycle, i.e., d −1 ψ = 0. Explicitly,
By (2.1), (3.5) and replacing γ by −λ − µ − ∂ in (3.6), we obtain
which is exactly (3.3). Thus, when ψ is a 2-cocycle satisfying (3.4), (R, [· λ ·] t , α) forms a regular Hom-Lie conformal algebra. In this case, ψ generates a deformation of the regular Hom-Lie conformal algebra (R, α).
A deformation is said to be trivial if there is a linear operator f ∈ C 1 α (R, R −1 ) such that for T tλ = id + tf λ , there holds
where the bracket [· λ ·] N is defined by
Remark 3.4. In particular, by (C1) λ and setting µ = −∂ − λ in Eq.(3.8), we obtain
Theorem 3.5. Let (R, α) be a regular Hom-Lie conformal algebra, and f ∈C 1 α (R, R −1 ) a Hom-Nijienhuis operator. Then a deformation of (R, α) can be obtained by putting
(3.11)
Furthermore, this deformation is trivial.
Proof.
To see that ψ generates a deformation of (R, α), we need to check (3.4) for ψ. By (3.9) and (3.11), we get
where the right hand side reads
(1)
Therefore,
Since f is a Hom-Nijienhuis operator, we get
,
′ .
By (2.1) and (3.10),
Note that according to the Hom Jacobi identity and (2.1) for a, b, c ∈ R,
Thus (i) + (i)
′ + (i) ′′ = 0, for i = 1, · · · , 7. This proves that ψ generates a deformation of the regular Hom-Lie conformal algebra (R, α).
Let T tλ = id + tf λ . By (3.2) and (3.11),
On the other hand,
Combining (3.12) with (3.13) gives
. Therefore the deformation is trivial. We will often abuse the notation by writing φ : V → W any time it is clear from the context that φ is a conformal linear map. We will also write φ λ instead of φ to emphasize the dependence of φ on λ.
The set of all conformal linear maps from V to W is denoted by Chom(V, W ) and is made into an A -module via
We will write Cend(V ) for Chom(V, V ).
Definition 4.2. Let (R, α) be a multiplicative Hom-Lie conformal algebra. Then a conformal linear map
and
Denote by Der α s (R) the set of α s -derivations of the multiplicative Hom-Lie conformal algebra (R, α). For any a ∈ R satisfying α(a) = a, define D k (a) : R → R by
Denote by Inn α k (R) the set of inner
Proof. For any a, b ∈ R, we have
Der α k (R). .2) are satisfied. To check the Hom Jacobi identity, we compute separately
. This proves that (Der(R), α ′ ) is a Hom-Lie conformal algebra.
At the end of this section, we give an application of the α-derivations of a multiplicative Hom-Lie conformal algebra (R, α). Proof. Suppose that (R ⊕ RD, α ′ ) is a multiplicative Hom-Lie conformal algebra. First, expanding both sides of α (4.6) . Therefore, D λ is an α-derivation of (R, α).
Conversely, let D λ be an α-derivation of (R, α). For any a, b, c ∈ R, m, n ∈ R,
which proves (2.2). And it is obvious that
Thus (2.1) follows. The Hom Jacobi identity is easy to check.
5 Generalized α k -derivations of multiplicative HomLie conformal algebras Let (R, α) be a multiplicative Hom-Lie conformal algebra. Define
Then Ω is a Hom-Lie conformal algebra with respect to (4.4), and Der(R) is a subalgebra of Ω.
QDer α k (R).
It is easy to see that
Proposition 5.2. Let (R, α) be a multiplicative Hom-Lie conformal algebra. Then
(1) GDer(R), QDer(R) and C(R) are subalgebras of Ω.
(2) ZDer(R) is an ideal of Der(R).
(1) We only prove that GDer(R) is a subalgebra of Ω. The proof for the other two cases is exactly analogous. (2) For D 1µ ∈ ZDer α k (R), D 2µ ∈ Der α s (R), and a, b ∈ R, we have
. Thus ZDer(R) is an ideal of Der(R).
Lemma 5.3. Let (R, α) be a multiplicative Hom-Lie conformal algebra. Then
Proof. It is straightforward.
Theorem 5.4. Let (R, α) be a multiplicative Hom-Lie conformal algebra. Then
GDer(R) = QDer(R) + QC(R).
By (2.2) and (5.11), we get Indeed, we have
which proves (5.19) and thus ϕ(D µ ) ∈ Der α k (Ȓ).
